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Best Arm ldentification (BAI) Problem

D3 D4 D5

Sample from Receive a noisy Givea
Pull machine { unknown D; ]:>[ reward X; recommendation

Until the stopping criteria meet
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Thompson Sampling (TS) Algorithm

TTTS is an asymptotically optimal algorithm for BAI problems Russo [2020].

TS was originally proposed by Thompson in 1933 [Thompson, 1933] for the
multi-armed bandit (MAB) problem.

TS has been extended to tackle a wide range of variant MAB problems.

Combinatorial bandits [Sankararaman and Slivkins, 2018]
Contextual bandits [Agrawal and Goyal, 2013]
Online problems [Gopalan, Mannor, and Mansour, 2014]
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Introduction

Best Feasible Arm Identification (BFAI) Problem

tely the most effective.

What if the effect is good but
the side effects are great?

The effect of the drug is the
‘most important measure.

Constraint Measure 1:
Side effects of drug "

Acceptable threshold:

Other measures also need to
be taken into consideration.

Constraint Measure 2:

Acceptable threshold:

Objective Measure:

ible?
Production cost V2 Feasitle? Effectiveness of drug
Constraint Mcasure m: Acceptable threshold:
Market demand ¥s
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Introduction

Related Literature

Related Papers Differences from our work

*  Multi-Objective Problem:
Drugan and Nowe (2013)
Auer et al. (2016)

Tekin and Turgay (2017)
Feasible Arm Identification:
Katz-Samuels and Scott (2018)

Machine Learning .

* Top Feasible Arm Identification:

Katz-Samuels and Scott (2019)

Lee etal. (2012)

Hunter and Pasupathy (2013)

Simulation
Pasupathy et al. (2014)
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Formulate into different problem

Fixed confidence not fixed budget
Focus on finding the sample

allocations that approximately
maximize PCS
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Formulation

Best Feasible Arm Identification (BFAI) Problem

How to choose the most
effective drug with
. acceptable side effects?

*  Problem:

Pull machine

*  Goal: Identify the best arm: [*

Sample from N (u;j, of;) with
unknown ;; and known o‘izj
forj=10,12,,m

Receive a noisy
reward X;; for
Jj=012--m

Givea
recommendation

n rounds

argmaxuy s.t.puy; < ypVj =1,2,,m}.

*  Assumption: The best feasible arm is unique. Let I* = 1.
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Formulation

Bayesian Framework

Normal prior distributions:

Agent S s
Prior distribution Posterior distribution
5 l Choose arm i 5

072 piess + 05 X,
t, 1J 1] . .
Lol TR ek ” if Iy =14,
M1, =

: S il =i,
oGt Oitl,ij = Ty

o if I #1, a2 if I # .

Posterior distribution:

I, =N (pt4,10: 07 10) ® - @ N (fg,1m» T 1) ® .
® N(Ht,koﬁiko) ®...® N(N’t,kmaaikm)'
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Formulation

Asymptotic Optimal

Asymptotic Optimal: max convergence rate= max lim 1nf—— log(1 — PCS).
(Rate Optimal) sampling rules sampling rules n—o0

Pt,i é]P>0~l'[,: ( ﬂ ((01.0 < 01;'0) N ﬂ(ez’j S ’Y] ) ﬂ zg — )
i'#d j=1

j=1
Other arms are identified as Capture the feasibility
the best feasible arm of arm i
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BFAI-TS Algorithm

BFAI-TS Algorithm
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Process of Extending

7 ( A
Sample from posterior distribution I7;,. Receive a _ Pull Arm |,
BAI scaler sample ¥;, Y, -+ ¥, Ie = argmax Y; ¢
. . J
Adapted to
BFAI
Ve
( N\
Sample from posterior distribution I1;,. Receive a @ = argmaxg Yy, if F # @; @
. 5 b 0> H t)
={i:y; < Pull Arm |,
BFALTS-1 vector sample. Get.a Feasible Set F = {i: ¥;; < lz“) uniformly choose from A ullArm [y
y,,V]=1,2,---,m). _ Y,
.
1Y with probability 3,
Repeat above process to get ,t(z) until lfz) * Ic(” I, 22)’ e
BFAI-TS L7, with probability 1 — 8.

Decision Policy
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Algorithm Description

Algorithm 4: BFALTS Algorithm
Input: k >2,8€(0,1),n

1 Collect ny samples for each arm i;

2 while # < ndo

3 Sample 6 ~ IT,;
4 Get the feasible set F £ {i : 0, <y forj=12,..,m}
5 if F # @ then
6 L Set!f”ea.rgmaxﬂ‘ofurielf;
7 else
s | | Choose /" uniformly from {1,2,... .k}
9 Sample B ~Bernoulli(B);
10 if B =1 then
un L Play Ifl);
12 else
13 repeat
14 Sample 0 ~ I1;;
15 Get the feasible set F;
16 if F # @ then
17 L Set 1,(2) « argmax 0, fori € F;
18 else
1 | Choose 12 uniformly from {1,2,..., &}
2 until Ifz) # If”;
2 | Play !fz);
22 | Update posterior I, ;
Output: 7*
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Algorithm Analysis

. A . T A thzz b1
Define ¢, ; = P(I, =i|F;_;) and Gri = )

t

The probability of pulling arm ¢ in round t¢:

_& B Pt,i’ B [
R LDY (= a-e+ 52)

+ Pt,z/B(]‘ - ct)a

where ¢, is the probability that samples from all the arms are infeasible in
round ¢.

Poi—1 ¢1 =8¢, >0

P e
1-P; - 1-¢ 1’ ¢ 7& 1.
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Notations

F the set of feasible arms, i.e., F = {i : pij <5, VJ € {1,2,...,m}};
I* the best feasible arm, i.e., I* = argmax;_ f;o;
the set of feasible but suboptimal arms, i.e., ¥, = {i:i € F and i # I*};
J, the set of infeasible arms with objective performance no worse than I*, i.e.,
Ty & {i s pupo < pyo and 3j € {1,2,...,m} such that pu,; > ~;};
the set of infeasible arms with objective performance worse than I*, i.e.,
T 2 {0 pupg > pyo and 35 € {1,2,...,m} such that p; > ;};
M} the set of constraints estimated as satisfied by arm i in round ¢, i.e.

Mg 2 {j: pyj <, for je{1,2,..,m}}
M’I the set of constraints estimated as violated by arm i in round ¢, i.e.

My &Gy >y, forjed{l,2,..,m}}.
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Definitions

(a5, ..., af):
the optimal sampling rates of the remaining kK — 1 arms, which satisfy the
following optimality condition

k
Zalefﬂ, and R, = R, forany i #1i #1,

i—2
where ,
.731-——(”105“10 1{ieF Ul +a 3 wl{iefw%}-
(030/a;+034/B) jenti 9ij

I's: the optimal sampling rates given 5 € (0,1), where

FB—rm

- 2
( (:u'iO :U'IO) 1{i c ‘Srw U jw}
i#1 (

120/aﬁ +0%0/B)
_~.)2
+ BZ Ml{ 1€TJyUT,} mln,@u).

2
jeMs 20@3 207 j
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Theoretical Results

Theorem

For the BFAI-TS Algorithm, IE[N;] < oo for any € > 0, where
Ng £ inf{t € N: |p,, ;; — p;;] < € and |Nn7i/n—af| <eVie Aand n >t}

given $ € (0,1). The sample allocations of the algorithm is asymptotically
optimal in the sense that

N,. p
lim — S of Vie A,
n—oo N
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Theoretical Results

The following properties hold with probability 1:
1. For any 8 € (0,1), Ty shows the fastest rate of posterior convergence that any
algorithm allocating 3 proportion of the total samples to the best feasible arm can
possibly achieve
hmsup—flog(l—Pn’l) <Ty (1)
n—o0

and the BFAI-TS Algorithm achieves this rate with

lim —— log(l —P,,)=T, (2)

n—00

2. The term D'y shows the fastest rate of posterior convergence that any BFAI
algorithm can possibly achieve

lim sup —— log(l —P,1) <l (3)

and when the 8 of the BFAI-TS Algorithm is set to *, the algorithm achieves the
optimal rate with
lim —flog(l—P 1) =T (4)

n—o00
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Experiments Experiment 1 Experiment 2 Experiment 3 Experiment 4 Experiment 5 Dose-finding
Sample size
2100 | 2500 | 3400 | 1000 | 2500 | 3500 | 2000 | 2400 | 3700 | 2600 | 3300 | 3700 | 200 | 400 | 800 | 3500 | 6000 | 8000
Algorithms
BFAL-TS-1 0.20 | 0.17 | 0.13 | 0.38 | 0.14 | 0.10 | 0.24 | 0.19 | 0.12 | 0.13 | 0.06 | 0.04 | 0.37 | 0.25 | 0.22 | 0.18 | 0.09 | 0.06
OCBA-CO 0.13 | 0.10 | 0.04 | 0.25 | 0.14 | 0.05 | 0.14 | 0.11 | 0.06 | 0.09 | 0.06 | 0.05 | 0.31 | 0.24 | 0.20 | 0.20 | 0.12 | 0.10
Uniform 0.61 | 0.51 | 0.46 | 0.71 | 0.59 | 0.50 | 0.46 | 0.48 | 0.39 | 0.54 | 0.49 | 0.51 | 0.37 | 0.41 | 0.34 | 0.27 | 0.19 | 0.13
TF-LUCB 0.22 | 0.11 | 0.05 | 0.51 | 0.15 | 0.06 | 0.37 | 0.24 | 0.11 | 0.26 | 0.13 | 0.09 | 0.27 | 0.19 | 0.21 | 0.16 | 0.10 | 0.09
MD-UCBE 0.87 | 0.87 | 0.87 | 0.82 | 0.85 | 0.83 | 0.79 | 0.79 | 0.77 | 0.79 | 0.77 | 0.77 | 0.50 | 0.50 | 0.50 | 0.21 | 0.19 | 0.19
BFAL-TS (8=0.5) 0.11 | 0.06 | 0.02 | 0.24 | 0.09 | 0.03 | 0.12 | 0.07 | 0.05 | 0.04 | 0.02 | 0.02 | 0.25 | 0.18 | 0.15 | 0.13 | 0.07 | 0.05
BFAL-TS (8= %) 0.07 | 0.02 | 0.01 | 0.19 | 0.02 | 0.01 | 0.09 | 0.05 | 0.01 | 0.02 | 0.01 | 0.00 | 0.11 | 0.03 | 0.00 | 0.11 | 0.05 | 0.01
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Experiment 1: Sample size n
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Experiment 1: Arm

(b)

Fig. 1. PFS and their sampling rates on selected arms (Experiment 1)
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Conclusions

Demonstrate the extensibility of the TS algorithm by proposing the BFAI-TS
algorithm.

Solve a significant and common class of constrained optimization problem,
the BFAI problem.

The BFAI-TS algorithm is asymptotically optimal and exhibits impressive
numerical performance.
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